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Abstract: In this paper, a large family of topological black hole solutions of dimensionally
continued gravity are derived. The action of Lovelock gravity is coupled to the exponential
electrodynamics and the equations of motion are solved in the presence of a pure magnetic
source. We work out the metric functions in terms of the parameter β of exponential electro-
dynamics, and magnetic charge. Further, we couple Lovelock gravity to power-Yang-Mills
theory and construct black holes, in diverse dimensions, having Yang-Mills magnetic charge.
We also discuss the asymptotic bahaviour of metric functions and curvature invariants at
the origin for both the models. The thermodynamics of resulting magnetized black hole
solutions in the framework of two different models is also studied. The thermodynamical
quantities like Hawking temperature, entropy and specific heat capacity at constant charge
are found and we show that the resulting quantities satisfy the first law of black hole ther-
modynamics. We also study the magnetized hairy black holes of dimensionally continued
gravity.
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1 Introduction
Since the theory of general relativity is nonrenormalizable, therefore, higher derivative
gravitational theories have been investigated, because the higher derivative corrections to
the familiar Einstein’s theory produce a power-counting renormalizable theory [1]. Further,
modifying gravity gives an alternative way to understand the acceleration and expansion
of the universe without the introduction of dark energy in the model. Thus, this is another
reason to study higher derivative theories. Among the different higher derivative modified
theories, Lovelock gravity [2], which contains dimensionally continued Euler characteristics,
has a unique property that, in four dimensions, it reduces to general relativity. The field
equations corresponding to the Lovelock gravity contain only the metric and its first two
derivatives, thus the linearized form of this theory is free of ghosts. The second order
Lovelock gravity, i.e., the Gauss-Bonnet gravity emerges in string theory in the low energy
limit [3, 4]. However, due to the presence of a lot of Lovelock coefficients in Lovelock gravity,
it is very difficult to interpret the physical meaning of the solution, therefore Banados,
Teitelboim and Zanelli [5] proposed a suitable choice of these coefficients which allows us
to write the solution in an explicit form. This theory of gravity that is obtained from
this particular choice of Lovelock coefficients is known as dimensionally continued gravity
(DCG). In the literature [5–7] neutral and charged black hole solutions of DCG have been
studied. The hairy black holes of DCG have also been constructed recently [8, 9].
It has been shown that the standard Maxwell’s theory is not always workable for study-
ing electromagnetic fields. In 1934 nonlinear electrodynamics was proposed by Born and
Infeld which has the property of cancelling the divergences of electron’s self-energy [10].
Later in 1936, Heisenberg and Euler also put forward a nonlinear electromagnetic theory
to explain the quantum electrodynamics phenomena [11]. The Born-Infeld electrodynamics
could also be reproduced in the framework of string theory [12]. The action of Born-Infeld
theory also governs the dynamics of D3-branes [13]. Other theories, that have recently
been found from a particular form of Born-Infeld theory, include Dirac-Born-Infeld infla-
tion theory and Eddington-inspired Born-Infeld theory [14, 15]. These theories have also
been used in the study of dark energy, holographic entanglement entropy and holographic
superconductors [16–18]. The first black hole solution of Einstein’s theory with Born-Infeld
electrodynamical source was given by Hoffmann [19]. Subsequently, many spherical black
hole solutions which are asymptotic to the Reissner-Nordström solution were derived with
other nonlinear electrodynamical sources [20, 21]. The exponential electrodynamics model
[22] is also used to construct the asymptotic Reissner-Nordström black hole solution having
magnetic charge.
Black hole solutions of modified gravities have also been studied in the framework of
nonlinear electromagnetic theory. For example, nonsingular magnetically charged black hole
solutions [23] and electrically charged black hole solutions of DCG have been constructed
[24] where exponential and Born-Infeld electromagnetic fields are taken as sources. In the
present work we derive magnetized black hole solutions of DCG coupled with exponential
electrodynamics and then generalize our solution to black holes which contain scalar hair.
More recently black hole solution has been found where the nonlinear electromagnetic
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source is expressed in powers of Maxwell’s invariant (FµνFµν)q, where q is an arbitrary real
number [25]. The nonlinearity involved in this power-Maxwell theory is radically different
from the familiar Born-Infeld electrodynamics. One property of power-Maxwell formalism
is that for the special case of q = d/4, where d represents the dimension of spacetime, it
yields the traceless matter tensor which indicates the satisfaction of conformal invariance.
Instead of considering the power-Maxwell theory, we investigate black hole solutions with
power-Yang-Mills source [26] in this paper, that is, we can choose the source of gravity as
(F
(a)
µν F (a)µν)q, where F
(a)
µν denotes the Yang-Mills field with 1 ≤ a ≤ 12(d−1)(d−2) and q is
a real number. In Ref. [26] Lovelock black holes with a power-Yang-Mills source have been
studied and magnetically charged solutions are obtained. In this paper we construct black
hole solutions and hairy black hole solutions of DCG in the presence of power-Yang-Mills
field.
Thermodynamics of black holes is an interesting aspect of the subject that attracts
much attention not only in linear Maxwell’s theory but also in the nonlinear theories [27,
28]. For instance, thermodynamics of spherically symmetric black holes with exponential
electromagnetic source has been discussed [22]. Similarly, thermodynamics of Lovelock
black holes in the framework of power-Yang-Mills theory has been studied [26]. In our work
we also study thermodynamics of the resulting black hole solutions in DCG within the two
different models.
The plan of the paper is as follows. In Section 2, the exponential electrodynamics
model is coupled with Lovelock gravity and we find a family of magnetized black hole
solutions of DCG depending on the parameter β of exponential electrodynamics. In this
section the metric functions are calculated and we study thermodynamics of black holes
with exponential electrodynamical source. We also work out the hairy black hole solution
of DCG within this model. In Section 3, we couple Lovelock gravity to power-Yang-Mills
theory and obtain the magnetized black hole solutions with and without scalar hair of
DCG. We also study thermodynamics of these black hole solutions. Section 4 deals with
the Yang-Mills hierarchies. Finally we conclude our results in Section 5.
2 Topological black holes of DCG coupled to exponential electrodynam-
ics
2.1 Magnetized black hole solution
The action function for Lovelock gravity with exponential electromagnetic source [22, 24]
in diverse dimensions is written in the form
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
αp
2p
δ
µ1...µ2p
ν1...ν2p R
ν1ν2
µ1µ2 ...R
ν2p−1ν2p + L(z)
]
, (2.1)
where
L(z) = −z exp (−βz), (2.2)
and z = FµνFµν = (B2 −E2)/2 , β is the parameter of our model, B is the magnetic field
and E is the electric field. Here G is the Newtonian constant, δµ1...µ2pν1...ν2p is the generalized
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Kronecker delta of order 2p and d = n + 2 where n is a natural number. The coefficients
αp in (2.1) represent arbitrary constants, however, in the particular case of DCG, they are
chosen in the form
αp = C
n−1
p
(d− 2p− 1)!
(d− 2)!l2(n−p−1) , (2.3)
where l is related to cosmological constant. It is worth noting that DCG becomes Born-
Infeld theory in even dimensions and Chern-Simons theory in odd dimensions [5, 6]. Varying
(2.1) with respect to the electromagnetic potential Aµ yields the equations of motion of
nonlinear electromagnetic field
∂µ
[√−gFµν(1− βz) exp (−βz)] = 0. (2.4)
After taking the variation of the action (2.1) with respect to the metric tensor, gµν , one
can arrive at the equations of gravitional field
n−1∑
p=0
αp
2p+1
δ
νλ1...λ2p
µρ1...ρ2pR
ρ1ρ2
λ1λ2
...Rρ2p−1ρ2p = T νµ , (2.5)
where T νµ represents the matter tensor given by
T νµ = exp (−βz)
[
(βz− 1)FµλF νλ +zgµν
]
. (2.6)
One can easily find the trace of the matter tensor in the form
T = −4βz2 exp (−βz), (2.7)
which implies that for this model, the scale invariance is completely broken down, however,
in the limit β → 0 one comes to the classical Maxwell’s electrodynamics because the trace
of the matter tensor becomes zero.
The causality principle [21, 22] says that the group velocity of excitations in the back-
ground should not exceed the speed of light or we can say that tachyons will not appear.
This principle will hold if ∂L/∂z ≤ 0. Now from (2.2) we have
∂L
∂z
= (βz− 1) exp (−βz), (2.8)
which shows that causality is satisfied for our model if (βz − 1) ≤ 0. This gives us the
requirement for the case of pure magnetic field
r ≤
(
2
βQ2
) 1
2d−4
. (2.9)
According to the unitarity principle the norm of every elementary vacuum excitation will be
positive definite, which means (∂L/∂z + 2z∂2L/∂z2) ≤ 0 and ∂2L/∂z2 ≥ 0 [22]. Thus,
this principle holds if and only if
r ≤
(
0.44
βQ2
) 1
2d−4
. (2.10)
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The weak energy condition (WEC) is fulfilled if and only if the relations ρ ≥ 0 and (ρ +
Pm) ≥ 0, where m = 1, 2, 3..., d− 1 are satisfied. Note that, ρ represents the energy density
and Pm are the principle pressures for each m. Thus, using matter tensor (2.6) it can easily
be verified that WEC is satisfied if and only if (2.9) holds. From Eq. (2.6) it is also easy to
verify that the dominant energy condition (DEC) and strong energy condition (SEC) are
also satisfied for our model if and only if
r2d−4 ≤| 2
βQ2
| . (2.11)
Note that, DEC guarantees that the speed of sound does not exceed the speed of light, while
SEC says that there cannot be acceleration of the universe in the framework of exponential
electrodynamics coupled with DCG.
Since the action of Lovelock gravity (2.1) is the sum of the dimensionally extended Euler
densities, it is shown that there are no more than second order derivatives with respect to
the metric tensor in its equations of motion. Moreover, the Lovelock gravity has been
shown to be a ghostfree theory when expanding on a flat space, evading any problems with
unitarity [29]. Here, note that although the Lagrangian density corresponding to Lovelock
gravity contains some curvature terms with higher order derivatives, in essence it is not
a higher derivative gravity theory because its equations of motion do not contain terms
higher than second derivatives of the metric. From this it becomes clear that the Lovelock
gravity is a ghostfree theory [30]. The action function (2.1) corresponding to DCG looks
very complicated due to the presence of so many terms. However, the static spherically
symmetric black hole solutions can indeed be found [31] with the help of a real root of
the corresponding polynomial equation. Since the gravity (2.1) contains many arbitrary
coefficients αn it is not an easy task to extract physical information from the solution.
Some authors [5, 6] choose a special set of coefficients which make the metric function
simpler. These solutions could be explained as spherically symmetric solutions. Further,
the black hole solutions having nontrivial horizon topology in this gravity with the special
choice of coefficients have been studied [7, 32].
Here we determine the magnetically charged static black hole solution of DCG. For this
we assume a pure magnetic field such that E = 0, which yields from Maxwell’s invariant,
the form z = (B(r))2/2 = Q2/2r2d−4, where Q represents the magnetic charge. Now,
for the general case of arbitrary coefficients αn, the static and spherically symmetric line
element [33] was obtained in the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(hijdx
idxj), (2.12)
where hijdxidxj is the metric of n-dimensional hypersurface having constant curvature.
Now using the above line element and substituting (2.6) in Eq. (2.5), the equation of
motion becomes [31, 34]
d
dr
[ n−1∑
p=0
αp(d− 2)!
2(d− 2p− 1)!r
d−1
(
k − f(r)
r2
)p]
= 32piG exp
(−βQ2
2r2d−4
)(
βQ4
2r4d−8
− Q
2
2r2d−4
)
,
(2.13)
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where k = 0, 1,−1 associated to the codimensions-2 hypersurface with planar, spherical
and hyperbolic topology respectively. If we chose α from Eq. (2.3), that is, for the case of
DCG, the above equation becomes [31, 34]
d
dr
[
rd−1
(
1
l2
+
k − f(r)
r2
)n−1]
= 64piG exp
(−βQ2
2r2d−4
)(
βQ4
2r4d−8
− Q
2
2r2d−4
)
. (2.14)
Integration of the above equation with respect to r yields
f(r) =
r2
l2
+ k − r2
[
16piGm
rd−1Σd−2
+
δd
rd−1
+
piGQ
1
d−2β
5−2d
2d−4
(d− 2)2 21−10d2d−4 rd−1
(
Γ
(
2d− 5
2d− 4 ,
βQ2
2r2d−4
)
− 2Γ
(
4d− 9
2d− 4 ,
βQ2
2r2d−4
))] 1
d−3
, (2.15)
where m is a constant of integration which is associated to the ADM mass of black hole,
Σd−2 represents the volume of n-dimensional hypersurface. The reason for the appearance
of additional constant δd in Eq. (2.15) is that one can expect the horizon of the black hole
to shrink to a single point when m→ 0 and the function Γ(s, x) is the incomplete gamma
function.
It is worth mentioning here that black strings and black branes can be thought of
generalizations of black holes and they play a significant role in the AdS/CFT correspon-
dence. It has been rightly pointed out [35] that while it is easy to construct black string
and black brane solutions in the vacuum Einstein gravity by adding Ricci flat directions
to Schwarzschild and Kerr solutions, it is nontrivial to obtain such solutions in Lovelock
gravity, and numerical and other techniques have been used to construct such solutions.
Now we discuss the asymptotic behaviour of the metric function at r = 0. We take k = 1
here (the cases k = 0,−1 can be studied in a similar manner). Thus for even-dimensional
spacetime, the asymptotic value of the metric function becomes
f(r) = 1 +
r2
l2
−m 12s−3
[
r2k−5 +
δd,2s
m(2s− 3)r
2s−5 +
piG
m(2s− 3)(2s− 2) exp
( −βQ2
2r4(s−1)
)
×
(
32r4s−4(3− 2s)
β(2s− 2) −
Q
1
2s−2 2
20s−21
4s−4 β
5−4s
4s−4 r6s−8
4s− 4 −
Q22
14s−15
2s−2
r2s
+O(r10s−12)
)]
,
d = 2s, s = 1, 2, 3.... (2.16)
Similarly, for odd-dimensional spacetime we have
f(r) = 1 +
r2
l2
−m 12s−2
[
r2s−4 +
δd,2s+1
2m(s− 1)r
2s−4 +
piG
2m(s− 1)(2s− 1) exp
(−βQ2
2r4s−2
)
×
(
64r2s−3(1− s)
β(2s− 1) −
Q
1
2s−3 2
20s−11
4s−2 β
3−4s
4s−2 r6s−5
4s− 2 −
Q22
14s−8
2s−1
r2s+1
+O(r10s−7)
)]
,
d = 2s+ 1, s = 1, 2, 3.... (2.17)
From the above asymptotic expressions, it is clearly seen that for the case of even-dimensions,
metric function f(r) is finite as r → 0 for all values of s ≥ 3. In the case of odd-dimensions,
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f(r) yields finite value for all s ≥ 2 at the origin, while at s = 1 the function is infinite.
The event horizons can be found by solving the equation f(rh) = 0. From Eq. (2.15), we
can write the ADM mass of the black hole in the form as
m =
rd−1h Σd−2
16piG
(
1
l2
+
k
r2h
)d−3
− δd
16piG
− Q
1
d−2 Σd−2β
5−2d
2d−4
(d− 2)2 5−2d2d−4
[
Γ
(
2d− 5
2d− 4 ,
βQ2
2r2d−4h
)
− 2Γ
(
4d− 9
2d− 4 ,
βQ2
2r2d−4h
)]
. (2.18)
Fig. (1) shows that there exists a minimum value mext of m which corresponds to an
Figure 1. Plot of function m [Eq. (2.18)] vs rh for fixed values of Q = 0.01, β = 0.01 and l = 1.
extremal black hole. Extremal black holes are the black holes whose horizons coincide,
which can be obtained by solving f(r) = 0 and df/dr = 0 simultaneously. For rh = 0, m
takes a finite value m0 for d ≥ 3. If mext < m < m0, there are two horizons, if m ≥ m0,
there is a single horizon and if m < mext, there is no event horizon. In Fig. (2), the point
where curve touches the horizontal axis indicates the position of the event horizon.
In general, the Ricci scalar for the line element (2.12) is
R =
(d+ 1)
r2
(
1− f(r)− r df
dr
− r2d
2f
dr2
)
, (2.19)
while the Kretschmann scalar is given by
K =
(2d+ 2)
(
f(r)− 1
)2
r4
+
(d+ 1)
(
df
dr
)2
r2
+
(
d2f
dr2
)2
.
(2.20)
For arbitrary value of d the metric function (2.15) gives very lengthy and complicated ex-
pression for the Ricci scalar which we cannot write here. Avoiding these lengthy calculations
– 7 –
Figure 2. Plot of function f(r) [Eq. (2.15)] vs r for fixed values of m = 10, Q = 0.01, β = 0.01
and l = 1.
we discuss the asymptotic behaviour of curvature invariants for d = 5. Differentiating (2.15)
for the 5-dimensional case we can write
df
dr
=
2r
l2
− 2β
1
3
r
1
3
[
δd,5 + 16mpi
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))] 1
3
− 4
3
2
3 r
16
3
[
24piQ2β
5
6 exp
(−βQ2
2r6
)(
Γ
(
5
6
))−1
− Q
2β
r6
(
Γ
(
11
6
))−1)
− (3δd,5 + 48mpi)β
5
6 r5 − 2 296 piQ 13 r5
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))]
×
[
(3δd,5 + 48mpi)β
5
6 + 2
29
6 piQ
1
3
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))]−1
. (2.21)
Similarly, the second derivative of the metric function is
d2f
dr2
=
2
l2
− 2
3
1
3 r
4
3
Π
1
3
1 +
32piQ2β
2
9 Π2
r
55
3 Π3
+
32Π24
3
7
3 r
4
3 Π
5
3
5
+
3
−4
3 r
−4
3 Π6
Π
2
3
5
, (2.22)
where
Π1 = 3δd,5 + 48mpi + 2
29
6 Q
1
3β
−5
6
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))
, (2.23)
Π2 = exp
(−βQ2
2r6
)[
Q4β2Γ
(
5
6
)
+ 3r12Γ
(
11
6
)
−Q2βr6
(
5Γ
(
5
6
)
+ Γ
(
11
6
))]
, (2.24)
Π3 = Γ
(
5
6
)
Γ
(
11
6
)[
(3δd,5 + 48mpi)β
5
6 + 2
29
6 piQ
1
3
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))]
, (2.25)
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Π4 = 3δd,5 + 48mpi +
84mQ2pi
r
(
Γ
(
11
6
))−1(
Γ
(
5
6
))−1
exp
(−βQ2
2r6
)
×
[
Q2βΓ
(
5
6
)
− r6Γ
(
11
6
)]
+ 2
29
6 piQ
1
3β
−5
6
[
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
)]
, (2.26)
Π5 = 3δd,5 + 48mpi + 2
29
6 piQ
1
3β
−5
6
[
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
)]
, (2.27)
Π6 = 96piQ
2 exp
(−βQ2
2r6
)[
1
r5Γ
(
5
6
) − Q2β
r11Γ
(
5
6
)]− 12δd,5
− 192mpi − 2 296 piQ 13β −56
(
Γ
(
5
6
,
βQ2
2r6
)
− 2Γ
(
5
6
,
βQ2
2r6
))
. (2.28)
Using the above values in Eq. (2.19), we conclude that R(r)→∞ as r tends to zero. This
shows that our resulting solution has a true curvature singularity at the origin r = 0, which
indicates that our solution represents a black hole. Furthermore, the metric function f(r)
given by (2.15) becomes infinite as r →∞, which means that it represents nonasymtotically
flat spacetime.
2.2 Thermodynamics of black holes of DCG with exponential magnetic source
The Hawking temperature of the black hole is given by
TH(rh) =
rh
2pil2
− rh
2pi
[G(rh)]
1
d−3 − r
2
h
4pi
[G(rh)]
2−d
d−3W (rh), (2.29)
where
G(rh) =
16piGm
Σd−2rd−1h
+
δd
rd−1h
+
piGQ
1
d−2β
5−2d
2d−4
(d− 2)2 21−10d2d−4 rd−1h
H(rh), (2.30)
W (rh) =
16piGm(1− d)
rdhΣd−2
+
(1− d)δd
rdh
+
piGQ
1
d−2 (1− d)β 5−2d2d−4H(rh)
(d− 2)2 21−10d2d−4 rdh
+
16piGQ2
(d− 2)r4d−8h
exp
(
− βQ
2
2r2d−4h
)(
(2d− 4)r2d−4h + (4− 2d)β
3d−7
2−d 2
9−4d
2−d
)
,(2.31)
and
H(rh) = Γ
(
2d− 5
2d− 4 ,
βQ2
2r2d−4h
)
− 2Γ
(
4d− 9
2d− 4 ,
βQ2
2r2d−4h
)
. (2.32)
To obtain the expression for heat capacity, we first find the black hole’s entropy. A
consistent approach which is very fruitful in getting conserved charges of a black hole was
developed by Wald [36, 37]. Black hole thermodynamics can be developed by using the de-
rived conserved quantities. This Wald’s formalism is applicable in general diffeomorphism-
invariant theories and even in those types of theories where higher order derivatives are
– 9 –
found. Wald’s formalism has been helpful in studying thermodynamics of black holes in
different theories, for example, Einstein-scalar theory [38, 39], Einstein-Proca theory [40],
Einstein-Yang-Mills theory [41], gravity with quadratic curvature invariants [42], Lifschitz
gravity [43] etc. In our work too i.e. the case of DCG we use the general formalism of Wald
for obtaining the black hole’s entropy. Hence the Wald entropy for our solution (2.15) is
defined by
S = −2pi
∮
dnx
√
h
∂L
∂Rµνρλ
µνρλ
=
(d− 3)Σd−2rdh
4kG(6− d)
(
k
r2h
+
1
l2
)d−3
F1
[
1,
d
2
,
8− d
2
,
−r2h
kl2
]
, (2.33)
where µν is the normal bivector of the t = const and r = rh hypersurface such that
ρλ
ρλ = −2, F1 is the Gaussian hypergeometric function. The magnetic potential conjugate
to the magnetic charge Q is given by
Φm =
∂m
∂Q
=
Σd−2
(d− 2) exp
(
− βQ
2
2r2d−4h
)[
2Q
r2d−5h
− 2βQ
3
r4d−9h
]
− Σd−2Q
3−d
d−2β
5−2d
2d−4H(rh)
(d− 2)22 5−2d2d−4
. (2.34)
Using the thermodynamical quantities obtained above, we can now easily verify that the
first law of thermodynamics [44]
dm = THdS + ΦmdQ, (2.35)
is satisfied. Now the specific heat capacity [45–47] at a constant charge Q is given by
CQ = TH
∂S
∂TH
|Q. (2.36)
Differentiating (2.29) we get
∂TH
∂rh
=
1
2pil2
− G(rh)
1
d−3
2pi
− rh
2pi(d− 3)G(rh)
d−2
d−3
dG(rh)
drh
−
(
rh
2pi
G(rh)
d−2
d−3 +
(d− 2)r2h
4pi(3− d)G(rh)
2d−5
d−3
dG(rh)
drh
)
W (rh)
− r
2
hG(rh)
d−2
d−3
4pi
dW (rh)
drh
, (2.37)
where
dW (rh)
drh
=
16piGmd(d− 1)
Σd−2rd+1h
+
d(d− 1)δd
rd+1h
+
piGd(d− 1)Q 1d−2H(rh)
(d− 2)2 21−10d2d−4 β 2d−52d−4 rd+1h
+
piG(1− d)Q 1d−2
(d− 2)2 21−10d2d−4 rdhβ
2d−5
2d−4
dH(rh)
drh
+
16piGQ2(2d− 4)2
(d− 2)r2d−3h
exp
(−βQ2
2r2d−4h
)
+
[
8piGQ4β(2d− 4)2
r6d−11h (d− 2)
− 32piGQ
2(2d− 4)2
(d− 2)r4d−7h
]
× exp
(−βQ2
2r2d−4h
)(
r2d−4h − β
3d−7
2−d Q
6d−14
2−d 2
9−4d
2−d
)
, (2.38)
– 10 –
dG(rh)
drh
=
16piGm(1− d)
Σd−2rdh
+
(1− d)δd
rdh
+
piGQ
1
d−2β
5−2d
2d−4
(d− 2)rdh2
21−10d
2d−4
(
(1− d)H(rh) + rhdH(rh)
drh
)
,
(2.39)
and
dH(rh)
drh
=
(4− 2d)β 4d−92d−4Q 4d−9d−2
2
2d−5
2d−4 r4d−8h
exp
(−βQ2
2r2d−4h
)[
1− β
7−3d
d−2 r2d−4h
Q2
]
. (2.40)
Putting Eqs. (2.29), (2.33) and (2.37) in the general expression of heat capacity (2.36) we
obtain
CQ =
(
rh
2pil2
− rh
2pi
[G(rh)]
1
d−3 − r
2
h
4pi
[G(rh)]
2−d
d−3W (rh)
)
(d− 3)Σd−2rdhZ(rh)
4G(6− d)X(rh)
(
1
r2h
+
1
l2
)d−3
,
(2.41)
where
Z(rh) = F1
[
1,
d
2
,
8− d
2
,
−r2h
l2
](
d
rh
+
(d− 3)r2hl2
r2h + l
2
)
− 2rhd
l2(8− d)F1
[
2,
d+ 2
2
,
10− d
2
,
−r2h
l2
]
,
(2.42)
and
X(rh) =
1
2pil2
− G(rh)
1
d−3
2pi
− rh
2pi(d− 3)G(rh)
d−2
d−3
dG(rh)
drh
−
(
rh
2pi
G(rh)
d−2
d−3
+
(d− 2)r2h
4pi(3− d)G(rh)
2d−5
d−3
dG(rh)
drh
)
W (rh)− r
2
hG(rh)
d−2
d−3
4pi
dW (rh)
drh
. (2.43)
The above Eq. (2.41) represents the general expression for black hole’s heat capacity for any
value of nonlinear electrodynamical parameter β. The black hole is stable if the Hawking
temperature and heat capacity are positive. The black hole becomes unstable in the region
where Hawking temperature or heat capacity become negative. The point at which the
sign of Hawking temperature changes corresponds to the first order phase transition of
black hole. The maximum of Hawking temperature corresponds to the second order phase
transition since the heat capacity at that point is singular.
2.3 Hairy black holes of DCG with exponential magnetic source
The action describing Lovelock-scalar gravity with nonlinear exponential electrodynamics
source [48] is defined by
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
αp
2p
δ
µ1...µ2p
ν1...ν2p
(
apR
ν1ν2
µ1µ2 ...R
ν2p−1ν2p
+ 16piGbpφ
d−4pSν1ν2µ1µ2 ...S
ν2p−1ν2p
)
+ 4piGL(z)
]
, (2.44)
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where L(z) corresponds to the Lagrangian density describing the exponential electromag-
netic field [22, 48]. The second term in the integrand which contains φd−4p denotes the
Lagrangian density of the scalar field, where [49]
Sρσµν = φ
2Rρσµν − 2δ[ρ[µδ
σ]
ν]∂ξφ∂
ξφ− 4φδ[ρ[µ∂ν]∂σ]φ+ 48δ[ρµ ∂νφ∂σ]φ. (2.45)
Note that, by putting the scalar function φ equal to zero we get the action function defined
in (2.1). The matter tensor corresponding to the scalar field is given by
[T νµ ]
(s) =
d−3∑
p=0
bp
2p+1
φd−4pδνλ1λ2...λ2pµρ1ρ2...ρ2p S
ρ1ρ2
λ1λ2
...S
ρ2p−1ρ2p
λ2p−1λ2p . (2.46)
Thus the equation of motion for the scalar field becomes
d−3∑
p=0
bp(d− 2p)
2p
φd−4p−1δλ1λ2...λ2pρ1ρ2...ρ2p S
ρ1ρ2
λ1λ2
...S
ρ2p−1ρ2p
λ2p−1λ2p = 0. (2.47)
Taking variation of (2.44) with respect to metric tensor, we get the field equations in the
form [31, 34]
n−1∑
p=0
ap
2p+1
δ
νλ1...λ2p
µρ1...ρ2pR
ρ1ρ2
λ1λ2
...Rρ2p−1ρ2p = 16piG[T νµ ]
(M) + 16piG[T νµ ]
(s), (2.48)
where [T νµ ](M) corresponds to the matter tensor of exponential electromagnetic field and
ap corresponds to the value defined as in Eq. (2.3) so that the Lovelock gravity becomes
DCG. If we take the scalar configuration as [48]
φ =
N
r
, (2.49)
the equation describing the scalar field becomes
d−3∑
p=0
bp(d− 1)!(d2 − d+ 4p2)
(d− 2p− 1)! N
−2p = 0. (2.50)
Using the assumption of pure magnetic field and substituting Eqs. (2.46) and (2.47) in Eq.
(2.48) we get the metric function in the form
f(r) = k +
r2
l2
− r2
[
16piGm
Σd−2rd−1
+
32piY
rd
+
δd
rd−1
+
piGQ
1
d−2β
5−2d
2d−4
(d− 2)2 21−10d2d−4
(
Γ
(
2d− 5
2d− 4 ,
βQ2
2r2d−4
)
− 2Γ
(
4d− 9
2d− 4 ,
βQ2
2r2d−4
))] 1
d−3
, (2.51)
where we have
Y =
d−3∑
p=0
bp
(d− 2)!
(d− 2p− 2)!N
d−2p. (2.52)
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Now we investigate the asymptotic behaviour of metric function (2.51). In what follows,
we take k = 1 and the cases k = 0,−1 can be studied in similar manners. Thus, for the
odd-dimensional spacetimes we obtain
f(r) = 1 +
r2
l2
−m 12s−2
[
1 +
32piY r
1
1−s
2m(s− 1) +
δd,2s+1r
s−2
s−1
2m(s− 1) +
piGQ
1
2s−1β
3−4s
4s−2 r
2s2−s−2
s−1
(4s− 2)(s− 1)m2 21−20s−104s−2
× exp
(−βQ2
2r4s−2
)(
2
1
4s−2
β
1
4s−2Q
1
2s−1
(
24s − 4s− 3
4s− 2
)
r − 2
1
4s−2 r3−4s
β
3−4s
4s−2Q
3−4s
2s−1
)]
,
d = 2s+ 1, s = 1, 2, 3.... (2.53)
Similarly, for even-dimensional spacetime we have
f(r) = 1 +
r2
l2
−m 12s−3
[
1 +
32piY r
2
3−2s
2s− 3 +
δd,2sr
2s−5
2s−3
m(2s− 3) +
piGQ
1
2s−3β
5−4s
4(s−1) r
4s2−6s−2
2s−3
2(s− 1)(2s− 3)m2 21−10s2(s−1)
× exp
( −βQ2
2r4(s−1)
)(
2
1
4(s−1)
β
1
4(s−1)Q
1
2(s−1)
(
24s−2 − 4s− 5
4s− 4
)
r − 2
1
4(s−1) r5−4s
β
5−4s
4s−4Q
5−4s
2s−2
)]
,
d = 2s, s = 1, 2, 3.... (2.54)
The above asymptotic expressions of metric functions show that in the case of both odd and
even dimensions, metric functions are regular and finite at r = 0 for all values of s > 1. This
finiteness of metric functions is due to the non-Maxwell behaviour of Lagrangian density
(2.2) corresponding to exponential electrodynamics. Furthermore, at r → ∞ the metric
functions become infinite and hence this shows that the spacetime is nonasymptotically
flat.
Figure 3. Plot of function f(r) [Eq. (2.51)] vs r for fixed values of m = 10, d = 6, Q = 10.0,
β = 10.0 and l = 0.001.
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Fig. (3) shows the graph of function f(r) vs r, for fixed values of β, m, Q and d. Note
that the values of all other parameters are taken as unity. The point at which the curve
touches the horizontal axis indicates the position of event horizon.
Furthermore, by using (2.51) with Eqs. (2.19) and (2.20), one can easily check that
both the Ricci scalar and Kretschmann scalar give infinite values at r = 0 for any value of
d. This shows that the metric function possesses true curvature singularity at the origin.
Hence, the line element (2.12) with metric function given by (2.51) describes a hairy black
hole solution of DCG sourced by exponential electrodynamics. For the four-dimensional
case, it is seen from Eq. (2.50) that all the coefficients bp vanish, thus in the case of d = 4,
hairy black holes do not exist. It is easy to see that, by taking Y = 0, this black hole
solution reduces to the black hole with no scalar hair which we derived earlier in Section
2.2
3 Topological black holes of DCG coupled to power-Yang-Mills theory
3.1 Black hole solution with power-Yang-Mills source
The action function describing the Lovelock-power-Yang-Mills theory is given by
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
αp
2p
δ
µ1...µ2p
ν1...ν2p R
ν1ν2
µ1µ2 ...R
ν2p−1ν2p + (Υ)q
]
, (3.1)
where Υ is the Yang-Mills invariant defined as
Υ =
n(n+1/2)∑
a=1
(
F aλσF
(a)λσ
)
, (3.2)
q is a positive real parameter and the Yang-Mills field is defined by
F (a) = dA(a) +
1
2η
C
(a)
(b)(c)A
(b) ∧A(c), (3.3)
where, C(a)(b)(c) represents the structure constants of
n(n+1)
2 -parameter Lie group G, n =
d− 2, η denotes the coupling constant and A(a) are the So(n+ 1) gauge group Yang-Mills
potentials. The structure constants have been determined in Ref. [50]. We should keep
in mind, that the internal indices [a, b, ...] make no difference whether we write them in
contravariant or covariant form. Taking variation of action defined in (3.1) with respect to
the metric tensor yields the Lovelock field equations (2.5) with matter tensor of Yang-Mills
field given by
T (a)νµ = −
1
2
[
δνµΥ
q − 4qTr
(
F
(a)
µλ F
(a)µλ
)
Υq−1
]
. (3.4)
The equations of Yang-Mills field can be obtained if we vary the action with respect to
gauge potentials A(a)
d(?F (a)Υq−1) +
1
η
C
(a)
(b)(c)Υ
q−1A(b) ∧? F (c) = 0, (3.5)
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where ? denotes the duality of a field. By taking the static metric in the form (2.12), it can
easily be checked that power-Yang-Mills equations are satisfied for the choice of Yang-Mills
gauge potential one-forms [51, 52] defined as
A(a) =
Q
r2
C
(a)
(i)(j)x
idxj , r2 =
d−1∑
i=1
x2i , (3.6)
where Q represents the Yang-Mills magnetic charge and 2 ≤ j + 1 ≤ i ≤ d − 1. Thus the
symmetric matter tensor (3.4), with
Υ =
n(n− 1)Q2
r4
=
(d− 2)(d− 3)Q2
r4
, (3.7)
becomes
T (a)νµ = −
1
2
Υqdiag[1, 1, ζ, ζ, ..., ζ], ζ =
(
1− 4q
(d− 2)
)
. (3.8)
The causality principle is satisfied for power-Yang-Mills model if (∂L/∂Υ) ≤ 0 and unitarity
principle is satisfied when (∂L/∂Υ + 2Υ∂2L/∂Υ2) ≤ 0 and ∂2L/∂Υ2 ≥ 0. One can show
that the causality does not hold in this model for all values of positive integer d > 3.
However, for d ≤ 3 this principle holds. By using the Lagrangian density of power-Yang-
Mills theory it is shown that the unitarity principle holds for all values of d ≥ 3 and
q ≤ (1/2). When d ≤ 3, this principle is satisfied for all values of q ≥ 3 for power-Yang-
Mills magnetic field.
The SEC in DCG coupled to power-Yang-Mills field holds for all values of q ≥ (d−1)/4.
This energy condition tells us that the universe did not experience any acceleration in
this model. However WEC and DEC do not hold for all values of d > 3, in contrast to
the exponential model coupled to DCG. Therefore, WEC and DEC hold only for (2+1)-
dimensional black holes of DCG with power-Yang-Mills source. Now by using Eqs. (2.12)
and the matter tensor (3.8) in the field equations (2.5), we get
d
dr
[
rd−1
(
1
l2
+
k − f(r)
r2
)d−3]
=
−32piGQ2q[(d− 2)(d− 3)]q
r4q
. (3.9)
Direct integration with respect to r yields the metric function
f(r) = k +
r2
l2
− r2
[
32piGQ2q[(d− 2)(d− 3)]q
(4q − 1)r4q+d−2 +
16piGm
Σd−2rd−1
+
δ
rd−1
] 1
d−3
. (3.10)
Now we discuss the asymptotic behaviour of our solution at r = 0. For this we will work
out for k = 1 as follows:
f(r) = 1 +
r2
l2
−Mr 2s−52s−3 − 32piGQ
2q(2s− 2)q(2s− 3)q−1
(4q − 1) r
4s−8−8qs+12q
2s−3
+
512pi2G2Q4q(2s− 2)2q(2s− 3)2q−2
M(4q − 1)2 r
6s−11−16qs+24q
2s−3 +O(r
8s−15−24qs+36q
2s−3 ),
d = 2s, s = 1, 2, 3..., (3.11)
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f(r) = 1 +
r2
l2
−Mr s−2s−1 − 32piGQ
2q(2s− 1)q(2s− 2)q−1
(4q − 1) r
4s−6−8qs+8q
2s−2
+
512pi2G2Q4q(2s− 1)2q(2s− 2)2q−2
M(4q − 1)2 r
6s−8−16qs+16q
2s−2 +O(r
8s−15−24qs+24q
2s−2 ),
d = 2s+ 1, s = 1, 2, 3.... (3.12)
These two expressions indicate that both for even and odd-dimensional spacetimes the
metric function (3.10) is regular and finite for all values of s > 1. Note that in the above
we assumed (m+ δd,2s,2s+1)1/d−3 = M . Furthermore, at r →∞ the metric goes to infinity
which shows that the spacetime is nonasymptotically flat.
Figure 4. Plot of function f(r) [Eq. (3.10)] vs r for fixed values of m = 10, d = 5, Q = 0.01,
q = 0.001 and l = 0.01.
Fig. (4) shows the graph of f(r) vs r for fixed values of the parameters involved in
metric function (3.10). The curve touching the horizontal axis indicates the position of the
event horizon. We get extremal black holes when horizons coincide, and they are obtained
by solving f(r) = 0 and df/dr = 0 simultaneously. This set of simultaneous equations for
metric function (3.10), without cosmological constant i.e. for l→∞, yields
Me =
k
1
d−3
r4d−d2−1e
− 32piG(d− 2)
q(d− 3)qQ2qr1−4qe
4q − 1 , (3.13)
Qe =
(d− 3)1−q(1− 4q)k d−4d−3 rd3−9d2+23d+4q−10e
16piG(d− 2)q(4q + 1)
+
rd+4q−2e (1− 4q)
32piG(d− 2)q(d− 3)q(4q + 1)
(
(1− d)k 1d−3
r5d−d2−2e
)
,
(3.14)
whereMe = 16piGme/Σd−2+δd, related to the extremal mass me, re is the extremal radius
and Qe is the extremal charge.
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Now, we confirm that our resulting solution possesses a central essential singularity.
For this, we discuss the asymptotic behaviour of curvature scalars at r = 0 as follows.
Differentiating (3.10) we obtain
df
dr
=
2r
l2
− 2r
[
16piGm
Σd−2rd−1
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2
] 1
d−3
− r
2
d− 3
[
16piGm
Σd−2rd−1
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2
] 4−d
d−3
×
(
16piGm(1− d)
Σd−2rd
+
(1− d)δd
rd
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)
(4q − 1)r4q+d−1
)
. (3.15)
Differentiating again we get
d2f
dr2
=
2
l2
− 2P 1d−3 − 4rP
4−d
d−3
d− 3
dP
dr
− r
2P
4−d
d−3
(d− 3)
d2P
dr2
− r
2(4− d)P 7−2dd−3
(d− 3)2
(
dP
dr
)2
, (3.16)
where
P (r) =
16piGm
Σd−2rd−1
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2 , (3.17)
dP
dr
=
16piGm(1− d)
Σd−2rd
+
(1− d)δd
rd
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)
(4q − 1)r4q+d−1 , (3.18)
and
d2P
dr2
=
16piGmd(d− 1)
Σd−2rd+1
+
d(d− 1)δd
rd+1
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)(1− d− 4q)
(4q − 1)r4q+d .
(3.19)
We can work out the Ricci scalar for any value of d and, therefore, with the help of Eq.
(2.19) and the above equations of metric function and its derivatives, we find that R→∞ as
r → 0. Similarly, Kretschmann scalar (2.20) also possess singularity at r = 0. Thus the line
element (2.12) with the metric function (3.10) represents higher dimensional magnetized
black hole solution of DCG for any value of the parameter q. However, it indicates that q = 1
will give the solution of DCG coupled to the standard Yang-Mills theory and for q = 1/4
the solution does not exist. By substituting the Yang-Mills magnetic charge Q = 0, we get
the neutral solution in DCG.
3.2 Thermodynamics of black holes of DCG with power-Yang-Mills magnetic
source
It is observed from the metric function (3.10) that the physical properties of such type
of black holes depend on the parameter q. The horizons of the black hole are given by
f(rh) = 0, where rh represents the location of horizon. Thus
m =
Σd−2rd−1h
(
1
l2
+ k
r2h
)d−3
16piG
− Σd−2δ
16piG
− 2Q
2qΣd−2[(d− 2)(d− 3)]q
(4q − 1)r4q−1h
. (3.20)
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Equation (3.20) gives the ADM mass of the black hole in terms of horizon radius and
Yang-Mills magnetic charge Q. The black hole’s Hawking temperature [45] is given by
TH =
1
4pi
df
dr
|r=rh
=
rh
2pil2
− rh
2pi
[
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2h
+
16piGm
Σd−2rd−1h
+
δ
rd−1h
] 1
d−3
− r
2
h
4pi(d− 3)
[
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2h
+
16piGm
Σd−2rd−1h
+
δ
rd−1h
] 4−d
d−3
×
[
32piG(2− d− 4q)Q2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−1h
+
(1− d)16piGm
Σd−2rdh
+
(1− d)δ
rdh
]
. (3.21)
The entropy of the black hole in this case using Wald’s method [36, 37] becomes
S =
(d− 3)Σd−2rdh
4kG(6− d
(
k
r2h
+
1
l2
)d−3
F1
[
1,
d
2
,
8− d
2
,
−r2h
kl2
]
. (3.22)
The Yang-Mills magnetic potential conjugate to Yang-Mills magnetic charge Q is given by
Φm =
−64piGq(d− 2)q(d− 3)qQ2q−1
(4q − 1)r4q−1h
. (3.23)
Thus, using the above thermodynamical quantities, it can be seen that the first law of black
hole thermodynamics given by (2.35) is satisfied. The free energy density of the resulting
black hole can also be calculated as [44]
Ξ = m− THS, (3.24)
where m,TH and S are the ADM mass, Hawking temperature and entropy of the black
hole given by Eqs. (3.20), (3.21) and (3.22), respectively. Similarly, the heat capacity at
constant charge is given by
CQ =
[
rd+1h
2pil2
− r
d+1
h H
1
d−3
1
2pi −
rd+2h
4pi(d−3)H
d−4
d−3
1
dH1
drh
]
(d− 3)Σd−2H2(rh)
(
k
r2h
+ 1
l2
)d−3
4kG
[
1
2pil2
− H
1
d−3
1
2pi −
rhH
4−d
d−3
1
pi(d−3)
dH1
drh
− r2hH
4−d
d−3
1
4pi(d−3)
d2H1
dr2h
+
r2h(d−4)H
7−2d
d−3
1
4pi(d−3)2
(
dH1
drh
)2] , (3.25)
where
H1(rh) =
32piGQ2q[(d− 2)(d− 3)]q
(4q − 1)r4q+d−2h
+
16piGm
Σd−2rd−1h
+
δ
rd−1h
, (3.26)
dH1(rh)
drh
=
32piGQ2q(2− 4q − d)[(d− 2)(d− 3)]q
(4q − 1)r4q+d−1h
+
16piG(1− d)m
Σd−2rdh
+
(1− d)δ
rdh
, (3.27)
d2H1(rh)
dr2h
=
32piGQ2q(2− 4q − d)(1− 4q − d)[(d− 2)(d− 3)]q
(4q − 1)r4q+dh
+
16piGd(d− 1)m
Σd−2rd+1h
+
d(d− 1)δ
rd+1h
, (3.28)
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and
H2(rh) =
[
d
rh
+
r2hl
2(d− 3)
kl2 + r2h
]
F1
(
1,
d
2
,
8− d
2
,
−r2h
kl2
)
+
2rhd
kl2(d− 2)F1
(
2,
d+ 2
2
,
10− d
2
,
−r2h
kl2
)
.
(3.29)
3.3 Hairy black holes of DCG with power-Yang-Mills magnetic source
The action function for Lovelock-scalar gravity with power-Yang-Mills source [48] is defined
by
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
αp
2p
δ
µ1...µ2p
ν1...ν2p
(
apR
ν1ν2
µ1µ2 ...R
ν2p−1ν2p
+ 16piGbpφ
d−4pSν1ν2µ1µ2 ...S
ν2p−1ν2p
)
+ 4piG(Υ)q
]
, (3.30)
where (Υ) corresponds to the power-Yang-Mills invariant defined by (3.2) and (3.3) and we
have used the Lagrangian density of the scalar field given by
Ls =
n−1∑
p=0
bp
2p
φd−4pδµ1...µ2pν1...ν2p S
ν1ν2
µ1µ2 ...S
ν2p−1ν2p , (3.31)
where Sρσµν is given by Eq. (2.45). Note that, by putting scalar function φ equal to zero,
the above action function reduces to the case of DCG coupled to power-Yang-Mills field,
i.e., (3.1).
Taking variation of (3.30) with respect to the metric tensor, we get the field equations
as
n−1∑
p=0
ap
2p+1
δ
νλ1...λ2p
µρ1...ρ2pR
ρ1ρ2
λ1λ2
...Rρ2p−1ρ2p = 16piG[T νµ ]
(M) + 16piG[T νµ ]
(s), (3.32)
where [T νµ ](M) corresponds to the matter tensor of power-Yang-Mills field while ap corre-
sponds to the value defined as in Eq. (2.3) so that the Lovelock gravity becomes DCG. The
stress-energy tensor corresponding to the scalar field is given by (2.46) and the equation of
motion of scalar field is given by (2.47). Choosing the scalar configuration (2.49) and using
Eqs. (2.46) and (2.47) in Eq. (3.32), we get the metric function in the form
f(r) = k +
r2
l2
− r2
[
16piGm
Σd−2rd−1
+
32piY
rd
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2
] 1
d−3
, (3.33)
where Y is given by (2.52).
Now, we discuss the asymptotic behaviour of metric function (3.33) at r = 0. So,
assuming M = 16piGm/Σd−2 and µ = δd +M we can write the asymptotic expressions as
follows:
f(r) = 1 +
r2
l2
− (32piY ) 12s−3
[
r
2s−6
2s−3 +
µr
4s−9
2s−3
32piY (2s− 3)
+
GQ2q(2s− 2)q(2s− 3)q−1
Y (4q − 1) r
6s−12−8qs+12q
2s−3 +O(r
6s−12
2s−3 )
]
, d = 2s, s = 1, 2, 3..., (3.34)
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f(r) = 1 +
r2
l2
− (32piY ) 12s−2
[
r
2s−5
2s−2 +
µr
4s−7
2s−3
32piY (2s− 2)
+
GQ2q(2s− 1)q(2s− 2)q−1
Y (4q − 1) r
6s−9−8qs+8q
2s−2 +O(r
6s−9
2s−2 )
]
, d = 2s+ 1, s = 1, 2, 3.... (3.35)
The above asymptotic expansions show that for the even-dimensional spacetime, the
metric function is finite and regular for all values of s at the origin. However, for the case
of odd dimensions, the metric function is regular and finite at the origin when s > 1. Note
that this finiteness is due to the nonlinear behaviour of Lagrangian density corresponding
to power-Yang-Mills theory. Furthermore, the solution given by (3.33) is nonasymptotically
flat as it grows infinitely for large values of r.
Figure 5. Plot of function f(r) [Eq. (3.33)] vs r for fixed values of m = 100, d = 5, Q = 0.10,
q = 0.001 and l = 0.01.
Fig. (5) shows the graph of f(r) vs r, for fixed values of parameters involved in metric
function (3.33). The event horizon is the value of r at which the curve meets the horizontal
axis. Extremal quantities corresponding to extremal black hole solution [27] can be obtained
by solving f(r) = 0 and df/dr = 0 simultaneously. This set of simultaneous equations for
our metric function (3.33), without cosmological constant i.e. for l→∞, is given by
Me =
k
1
d−3
r4d−d2−1e
− 32piY
re
− 32piG(d− 2)
q(d− 3)qQ2qr1−4qe
4q − 1 , (3.36)
Qe =
(d− 3)1−q(1− 4q)k d−4d−3 rd3−9d2+23d+4q−10e
16piG(d− 2)q(4q + 1)
+
rd+4q−2e (1− 4q)
32piG(d− 2)q(d− 3)q(4q + 1)
(
(1− d)k 1d−3
r5d−d2−2e
− 32piY
rde
)
, (3.37)
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whereMe = 16piGme/Σd−2+δd, related to the extremal mass me, re is the extremal radius
and Qe is the extremal charge.
Now we confirm that our resulting solution represents a black hole. This can be done
by studying the asymptotic behaviour of curvature invariants at the origin. For this we
differentiate Eq. (3.33) and obtain
df
dr
=
2r
l2
− 2r
[
16piGm
Σd−2rd−1
+
32piY
rd
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2
] 1
d−3
− r
2
d− 3
[
16piGm
Σd−2rd−1
+
32piY
rd
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2
] 4−d
d−3
×
(
16piGm(1− d)
Σd−2rd
− 32pidY
rd+1
+
(1− d)δd
rd
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)
(4q − 1)r4q+d−1
)
.
(3.38)
Similarly, by differentiating again we get
d2f
dr2
=
2
l2
− 2P 1d−3 − 4rP
4−d
d−3
d− 3
dP
dr
− r
2P
4−d
d−3
(d− 3)
d2P
dr2
− r
2(4− d)P 7−2dd−3
(d− 3)2
(
dP
dr
)2
, (3.39)
where
P (r) =
16piGm
Σd−2rd−1
+
32piY
rd
+
δd
rd−1
+
32piGQ2q(d− 2)q(d− 3)q
(4q − 1)r4q+d−2 , (3.40)
dP
dr
=
16piGm(1− d)
Σd−2rd
− 32pidY
rd+1
+
(1− d)δd
rd
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)
(4q − 1)r4q+d−1 ,
(3.41)
and
d2P
dr2
=
16piGmd(d− 1)
Σd−2rd+1
+
32pid(d+ 1)Y
rd+2
+
d(d− 1)δd
rd+1
+
32piGQ2q(d− 2)q(d− 3)q(2− d− 4q)(1− d− 4q)
(4q − 1)r4q+d . (3.42)
Thus using Eqs. (3.33), (3.38) and (3.39) and the general expression of Ricci scalar (2.19),
one can easily check that in the limit r → 0 Ricci scalar becomes infinite. Thus, we conclude
that metric function (3.33) represents an object which has true curvature singularity at
r = 0. Therefore, line element (2.12) with metric function given by (3.33) represents a
hairy black hole solution of DCG in the background of power-Yang-Mills field. Hence, we
derive a large family of black hole solutions for any value of real parameter q except for the
case q = 1/4. It is easy to see that, by taking Y = 0, this black hole solution reduces to
the black hole with no scalar hair which we derived in Section 3.1.
4 Black holes of DCG and Yang-Mills hierarchies
In this section we study the possible black holes of DCG whose gravitational field is sourced
by the superposition of different power-Yang-Mills field. The Yang-Mills hierarchies in
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diverse dimensions have been discussed in the literature [53]. Here we begin with an action
defined as
I =
1
16piG
∫
ddx
√−g
[ n−1∑
p=0
αp
2p
δ
µ1...µ2p
ν1...ν2p R
ν1ν2
µ1µ2 ...R
ν2p−1ν2p +
q∑
j=0
cj(Υ)
j
]
, (4.1)
where Υ represents the Yang-Mills invariant defined in (3.2), cj , j ≥ 1 is a coupling constant.
The variation of the above action with respect to the metric tensor gives (2.5) with the
matter tensor given by
T νµ = −
1
2
q∑
j=0
cj
(
δνµΥ
j − 4jTr(F (a)νσµσ )
)
. (4.2)
The Yang-Mills equations are determined by varying (4.1) with respect to the gauge poten-
tial A(a)
q∑
j=0
cj
[
d(?F (a)Υj−1) +
1
η
C
(a)
(b)(c)Υ
j−1A(b) ∧? F (c)
]
= 0. (4.3)
Our d = n+ 2-dimensional line element ansatz is given by (2.12) and the power-Yang-Mills
field ansatz would be chosen as before such that the matter tensor takes the form
T νµ = −
1
2
q∑
j=0
cjΥ
jdiag[1, 1, ξ, ξ, ..., ξ], (4.4)
where ξ = 1 − 4j(d−2) . Thus using Eqs. (2.3), (2.12) and (4.4) in (2.5) we get the metric
function
f(r) = k +
r2
l2
− r2
[
32piG
q∑
j=0
(d− 2)j(d− 3)jQ2j
(4j − 1)r4j+d−2 +
16pimG
Σd−2rd−1
+
δ
rd−1
] 1
d−3
. (4.5)
The above equation indicates that for j = 0 the neutral black hole solution is obtained, for
j = 4 the solution is undefined and for taking a unique value of j = q we get the solution
obtained in Section 3.1. The ADM mass in terms of the outer horizon radius rh is
m =
Σd−2rd−1h
(
1
l2
+ k
r2h
)d−3
16piG
− Σd−2δ
16piG
−
q∑
j=0
2Q2jΣd−2[(d− 2)(d− 3)]j
(4j − 1)r4j−1h
. (4.6)
When superposition of different power-Yang-Mills sources are taken into account, the metric
function corresponding to the hairy black hole solution of DCG takes the form
f(r) = k +
r2
l2
− r2
[
32piG
q∑
j=0
(d− 2)j(d− 3)jQ2j
(4j − 1)r4j+d−2 +
16pimG
Σd−2rd−1
+
δ
rd−1
+
32piY
rd
] 1
d−3
,
(4.7)
where Y is given by (2.52). The asymptotic behaviour of these solutions is similar to those
obtained earlier in the case of DCG coupled to power-Yang-Mills source. Also, one can
easily check that for metric functions (4.5) and (4.7), the curvature invariants possess an
essential singularity at the origin r = 0 which is the mathematical aspect of the black hole.
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5 Summary and conclusion
In this paper, new magnetized black hole solutions of DCG are constructed. In order to do
this we studied black holes of DCG in the framework of both exponential electrodynamics
and power-Yang-Mills theory. First, we derived both topological black hole solutions and
hairy black hole solutions of DCG with pure exponential magnetic source. These solutions
depend on the parameter β of exponential electrodynamics. For the model of exponential
electrodynamics, there is no need to impose the condition on the matter tensor for making
it traceless, so we conclude that the scale and dual invariances are completely violated here.
Further, the components of the matter tensor obtained from the Lagrangian density of this
model satisfy all the energy conditions along with causality and unitarity principles in some
specified region of the radial coordinate. For any value of parameter β, it is possible to
obtain a solution which is regular at the origin. Moreover, these solutions are nonasymp-
totically flat for nonzero value of constant l while in the limit l approaches to infinity one
can get the asymptotically flat solutions. It is shown that the metric functions are finite
at the origin; this finiteness property of metric functions is due to the nonlinear behaviour
of electromagnetic field characterized by Lagrangian density (2.2). Second, we use a model
of power-Yang-Mills theory and derive a large family of topological black hole solutions in
DCG. These solutions depend on the parameter q and are also nonasymptotically flat for
any nonzero value of l. The case q = 1 gives the solutions of black holes with standard
Yang-Mills source and for q = 1/4 the solution does not exist. The hairy black hole solu-
tions are also derived in the framework of power-Yang-Mills theory which are reducible to
black holes with no scalar hair for Y = 0 and to neutral black holes for Q = 0.
The thermodynamics of topological black holes is also studied within both the expo-
nential electrodynamics and power-Yang-Mills theory. Thermodynamical quantities such
as entropy, Hawking temperature and specific heat capacity at constant charge of resulting
magnetized higher dimensional black holes of DCG have been worked out. The first law of
black hole thermodynamics has also been shown to hold for these black hole solutions.
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